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Abstract 

We prove that the Kawahara equation is locally well-posed in H~ 7 ^ by using 
the ideas of -F s -type space [7]. Next we show it is globally well-posed in H s for 
s > —7/4 by using the ideas of "I-method" [6J. Compared to the KdV equation, 
Kawahara equation has less symmetries, such as no invariant scaling transform 
and not completely integrable. The new ingredient is that we need to deal with 
some new difficulties that are caused by the lack symmetries of this equation. 
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1 Introduction 

This paper is mainly concerned with the global well-posedness of the Cauchy problem 
for the Kawahara equation 

f u t + au xxx + j3u xxxxx + uu x = 0, x, t 6 R, , , 

1 u{x, 0) = uo(x), 

where a and (3 are real constants and (3 ^ 0. By a renormalizing of u, we may assume 
(3 = 1. The fifth-order KdV type equations arise in modeling gravity-capillary waves on 
a shallow layer and magneto-sound propagation in plasmas (see e.g. [13]). 

The well-posedness on the fifth-order KdV type equations has attracted many at- 
tentions. Ponce [22] proved an if 4 global well-posedness for the Cauchy problem of the 
following general fifth-order KdV equation 

U t + U x + C\UU X + C 2 U XXX + C 3 U X U XX + CiUU xxx + c 5 u xxxxx = 0, x, t 6 R. 

In [T71 [18] Kenig, Ponce and Vega studied the following high-order dispersive equation 

u t + d 2 J +1 u + P(u, d x u, ■■■ , d 2 Ju) = 0, 
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where P is a polynomial without constant or linear terms. For the Kawahara equation 
(11. II) . Cui, Deng and Tao [I] proved H s LWP for s > — 1, which is later improved by 
Wang, Cui and Deng [27] to s > —7/5. Their proofs are based on Kenig, Ponce and 
Vega's work [19]. In [3], the authors proved local well-posedness in H s for s > —7/4 by 
following the ideas of [k; Z] -multiplier [23J. Modified Kawahara equation (with nonlinear 
terms u 2 u x in (11.11) instead of uu x ) was also studied, for example see [2U [3]. 

The purpose of this paper is to address the following two issues: one is LWP at if -7 / 4 , 
the other is GWP in H s for s < 0. Our main motivation of this paper is inspired by [3] 
and [7]. These two problems arise naturally in view of the results for the Korteweg-de 
Vries equation. Compared to the KdV equation, we will encounter a new difficulty. The 
equation (11. ip doesn't have an invariant scaling transform. We will use the following 
scaling transform: if u(x,t) is a solution of (11.11) . then for A > 0, U\(x,t) = \ 4 u(Xx, \ 5 t) 
is a solution to the following equation 

u t + ^u xxx + u xxxxx + uu x = 0, u(x, 0) = 0(x), (1.2) 

where /z = X 2 a and <p(x) = A 4 m (Ax). Thus we see from ||A 4 Mo(Aa;)|| i j s = A s+7/ ' 2 ||Mo|| i / s 
that when s > —7/2 we can assume ||0||^ «C 1 by taking < A < 1. Since < A < 1, 
heuristically the equation (11.21) has a uniform propagation speed in high frequency. More 
generally, we study the following equation 

d t u + Lu + uu x = 0, u(x, 0) = uo(x), (1.3) 

here L is a Fourier multiplier 

l/(o = -MO 

where the symbol uj : R —>■ R is an odd function, and smooth on R \ {0}. To study the 
well-posedness for ( 11 .3p in the Sobolev space H s , we will see that the crucial things are 
related to the dispersive effect of the equation ( 11.31) in high frequency, since H s spaces 
have very good low frequency structure. 

Definition 1.1. Assume uj : R — » R is an odd function, and smooth on R \ {0}. For 
some a > 0, u is said to have a-order dispersive effect at high frequency if for |£|>1 

^coiner-*, fc=M; \dico(o\<\i\ a - j , j>3. 

Moreover, we denote uj G Dhi(a). 

For example, the KdV equation corresponds to uj = £ 3 , then uj e D hi (3), for the 
Kawahara equation (11.21) considered in this paper uj = fi^ 3 — £ 5 e D hi (5) uniformly on 
I A 4 1 < 1- We consider first the LW.P of (II .ip in H~ 7 / A . Then it suffices to consider the 
equation (11.21) under the condition 

M < i, U\\h-v* < i- 

We will use the F s type space that was first used recently by the second author [7]. 
But different from the KdV equation, here for the local well-posedness a very weak low 
frequency structure will work, since the dispersive effect of ( 11.11) is very strong in high 
frequency. However, in order to apply the I-method, we will use the same low frequency 
structure as the KdV structure. We prove the following 
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Theorem 1.2. The Cauchy problem (11. ip is locally well-posed in H 7 / 4 . 

Next, we will extend the local solution to a global one, using the ideas of I-method 
[6]. Compared to the KdV equation, the Kawahara equation has less symmetries. We 
will use the ideas in [11] to estimate the pointwise bounds of the multipliers. 

Theorem 1.3. The Cauchy problem ( 11. ip is globally well-posed in H s for s > —7/4. 

In the end of this section we give the notations and definitions. In Section 2 we 
prove Theorem 11.21 In Section 3 we give the modified energy and pointwise multiplier 
estimates. In Section 4 we prove Theorem 11.31 In Section 5 we give an ill-posedness 
result. 

Notation and Definitions. Throughout this paper we fix < /j, < 1. We will use 

C and c to denote constants which are independent of \x and not necessarily the same 
at each occurrence. For x, y G R, x ~ y means that there exist C\,Ci > such that 
C\\x\ < \y\ < C2\x\. For / G S' we denote by / or ^F(f) the Fourier transform of / for 
both spatial and time variables, 

m,r)= [ e-^e- itT f(x,t)dxdt. 

We denote by T x the Fourier transform on spatial variable and if there is no confusion, 
we still write T = T x . Let Z and N be the sets of integers and natural numbers, 
respectively. Z + = N U {0}. For k G Z + let 

!* = {£: 1^1 e [2*- 1 , 2 fc+1 ]}, k > 1; J = : |£l < 2}. 

Let ?7o : R — >■ [0, 1] denote an even smooth function supported in [—8/5,8/5] and equal 
to 1 in [-5/4, 5/4]. We define ip(t) = r} {t). For k G Z let = r] (£/2 fc ) - Vo^/^' 1 ) 
if As > 1 and 77 fc (0 = if Jfe < -1. For A; G Z let Xfe(0 = %(£/2 fc ) - r/ofe/ 2 ^ 1 )- Roughly 
speaking, {Xfe}fcez is the homogeneous decomposition function sequence and {r]k}kez + 
is the non-homogeneous decomposition function sequence to the frequency space. For 
k G Z let Pfc denote the operator on L 2 (R) defined by 

*S(0 = »fc(0«(0- 

By a slight abuse of notation we also define the operator on L 2 (R x R) by the formula 
F{P k u)(tr) = Vk($)F(u)($,T). For Z G Z let 

-P<« = -Pfc, -P>« = Pk- 

k<l k>l 

Thus we see that P< = Po- 
Let 

w(0 = ^ 3 - £ 5 (1-4) 
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be dispersion relation associated to equation (jl.2p . For G <S'(R), we denote by W(t)(f> 
the linear solution of (11.21) which is defined by 

T x {W{t)m) = exp[^(Ot]fe), VtGl. 
We define the Lebesgue spaces L q t&I L p x and L p x L q t&I by the norms 

\\f\\q eI L* = ||||/HlsII l j (j) , \\f\\LlLl eI = Ull/llifwllig • ( L5 ) 

If I = R we simply write L 9 L X and L p Lf. We will make use of the X s ' b norm associated 
to equation (11. 21) which is given by 

IM| XS , 6 = || (r - <40> 6 (0 s £(f,T)|U 2(R2) , 

where (■) = (1 + | ■ \ 2 ) 1 / 2 . The spaces X s ' b turn out to be very useful in the study 
of low-regularity theory for the dispersive equations. These spaces were first used to 
systematically study nonlinear dispersive wave problems by Bourgain pQ and developed 
by Kenig, Ponce and Vega [19] and Tao [23]. Klainerman and Machedon [20] used similar 
ideas in their study of the nonlinear wave equation. 

In applications we usually apply X s,b space for b very close to 1/2. In the case 6=1/2 
one has a good substitute-/ 1 type X s,b space. For k G Z + we define the dyadic X s,fe -type 
normed spaces X k = X fc (R 2 ), 

v - I f ^ r2m2N f{€, T ) is supported in I k x R and 1 

Xfc -\ /GL(M) - \\fh k = z% y /2 n(T-^))-f\\Li. J (L6) 

Then we define the ^-analogue of X s ' b space F s by 

\\u\\l s = ^ 2sk \M0Hu)\\ 2 Xk . (1.7) 

fc>0 

Structures of this kind of spaces were introduced, for instance, in [25], [T5] and [HZ] for 
the BO equation. The space F s is better than X s ' 1//2 in many situations for several 
reasons (see [7J [EE]). From the definition of X k , we see that for any / G Z + and f k G X k 
(see also [13]). 



% (r-^(0) / |/ fc (e,r')|2-'(l + 2-V-r|)- 4 rfr' 



^ II /fe II x k ■ 



L- 



Hence for any I G Z + , t 6 M, /t G X k , and 7 G «S(R), then 

m^\t-t )).^f k ]\\ Xk <\\f k \\x k . (1.9) 

In order to avoid some logarithmic divergence, we need to use a weaker norm for the 
low frequency 

IMU, = Nlw- 
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Actually a weaker structure will suffice for LWP. However, we will need this strong 
structure to extend it. It is easy to see from Proposition 12.51 that 

\\Vo(t)P< u\\x <\\P< u\\ Xo . (1.10) 

On the other hand, for any 1 < q < oo and 2 < r < oo we have 

ll P <o«IUf tl <^ S ru S rf t|ST ^||^<ott||LgXj»i< r - (1-11) 
For —7/4 < s < 0, we define the our resolution spaces 

F s = {u G S\R 2 ) : HtillJ. = J2 22Sk W^^)\\x k + \\P<o(u)\\% < oo}. 

fc>l 

For T > 0, we define the time- localized spaces F S (T): 




w(t) = u(t) on [— T, T]}. (1.12) 



Let ai,a 2 ,a 3 G R. It will be convenient to define the quantities a max > a med > a min 
to be the maximum, median, and minimum of 01,02,03 respectively. Usually we use 
ki, ^2, ^3 and ji, ]2, J3 to denote integers, Ni = 2 kl and Li = 2 Ji for i = 1, 2, 3 to denote 
dyadic numbers. 



2 L.W.P. at #" 7 / 4 



To prove LWP by using X s ' fe -method, the argument is standard. The first step is to 
prove a linear estimate, for its proof we refer the readers to [llj. 

Proposition 2.1 (Linear estimates), (a) Assume s G R and <j) G H s . Then there exists 
C > such that 



\\mw(t)<i>\\ps < cu\\ H s. 



[2.13) 



(b) Assume s G R, k G Z + and k satisfies (i + r — u)(£)) 1 J 7 (u) G X^. Then there 
exists C > suc/i i/iai 



J 7 



ip(t) / H/(t-s)(«(s))ds 



;2.i4) 



Then the remaining task is to show bilinear estimates. We will need symmetric 
estimates which will be used to prove bilinear estimates. For £1, £2 £ R an d uj : R —>■ R 
as in ([13]) let 

^(6, 6) = w(e0 + - w(6 + &)• (2-15) 

This is the resonance function that plays a crucial role in the bilinear estimate of the X s,b - 
type space. See [23] for a perspective discussion. For compactly supported nonnegative 



functions f,g,hE L 2 



J(f,9,h) 



x 



let 
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We will apply to function /^.j. E L 2 (R x M) are nonnegative functions supported in 
[2 ki ~ 1 , 2 kl+1 ] x I k , i = 1, 2, 3. It is easy to see that J{fk x ,h, /fc 2 ,j 2 , /fc 3 ,j 3 ) = unless 

I Aw - k max \ < 5, 2'™* ~ max(2^, |ft(6,6)D- (2.16) 

We give an estimate on the resonance in the following proposition that follows from the 
fundamental calculus theorem. 

Proposition 2.2. Assume max(|6|, |6|, |6 + 61) > 10. Then 

M6,6)l HeiUeu, 

waere 

|f | maa: = max(|fi|, 16 + 61), \i\min = min(|6|, |6|, 16 + 61)- 

In [8] the author actually proved the following proposition, also see the second au- 
thor's doctoral thesis (P33-34, p]). 

Lemma 2.3. Let a > 1. Assume to E Dhi(a) and ki E Z ; ji E Z+, iVj = 2 fe % L, = 2-?* for 
i = 1,2,3. Let fk it ji £ L 2 (R x R) are nonnegative functions supported in [2 fci_1 , 2 ki+1 ] x 
i^, i = 1, 2, 3. Taen 

(a,) For any ki,k 2 ,k 3 E Z and j h j 2 ,j 3 G Z + , 

3 

•/(./A,., : -A,.,,../A,,,j < C2^/ 2 2W2-Q|| /fcj) .j U2 . (217) 

i=l 

(fy) If N min < iV med ~ iV ma:c and 7^ (k min ,j max ) for all i = 1,2, 3 ; 

3 

A/fcji, < C2^+*+*)/ 2 2-(«- 2 ) fc — / 2 2~^)/ 2 J] H/^JIx,. (2.18) 

i=l 

(cj For any k 1 ,k 2 ,k 3 EZ with N min ~ iV me(i ~ A^ max > 1 and 31,32,33 e Z + 

3 

JifkunJk^Jk^) < C^^^^-MW^II/^.^, (2.19) 

i=l 

In [3] the authors proved a similar results for a; (6 = /x£ 3 — £ 5 . However, there seems 
to be some error in the /iig/i x high — ► /izg/i case in their proof. The main reason is a 
wrong estimate on the measure of a set. Nevertheless, this error doesn't change their 
LWP results for s > —7/4 because this case is not the worst case for the restriction. 
More explicitly, we give a counterexample below which shows part (c) in Lemma [2.31 is 
sharp for = /i£ 3 — £ 5 . It suffices to show that for some f^jt, fk 2 ,j 2 , fk 3 ,j 3 

3 

J(f klth ,fk 2 , j2 , fk 3>h ) > C2^/ 2 2^/ 4 2- 3fc — / 4 J] \\f kitji \\ L *. (2.20) 

i=l 
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We use the ideas of "Knapp example" as in the KdV case [23]. We may assume L\ < 
L 2 < L 3 . Let 

/l(£> r ) = 1 \Z-N 1 \<N- 3/2 L 1 2 /2 ' Mt-(»(0\<Lii 

M£>T) = l |€ _ Ari| < Ar -3/2 L l/2 • 1\ T -UJ(0\<L2 1 

/s(£,t) = ^ 2Nl \< N -^ L ^ 2 ■ V-^+glSfV 

Then we take /^j. = for i — 1,2, 3. It is easy to see that /j satisfy the support 
properties, and 



i=i 



On the other hand, by the calculation we get 

, 3 , ,3 (£i + 6) 3 , 3(gi + 6)(gi-6) 2 

^1+^2- 4 + 4 

and 



S + 6 



16 8 16 

thus it is easy to see that 



J(fufc,f3)> / fi(£i,fii)f2(£2,fi2)d£id€2dtiidn2 
Jr 4 

3 

>Ar r 3 jLlL 2> 2 i 1 /2 2 i 2 /4 2 -3 fcmaa: /4 "Q || /fe ^ 



L 2 
i=l 



which is as desired. 

Next, we prove some dyadic bilinear estimates. It certainly work for general ui G 
Dhiia) for a > 3. But for our purpose we restrict ourselves to the case u = /i£ 3 — £ 5 . 
We will need the estimates for the linear solution to equation (jl.2p . 

Lemma 2.4. Let I C R be an interval with |/|<1 ; k G Z + and > 10. Then for all 
4> G «S(M) we /tave 

II^W^0IU ? L5<2- 3 ^||0|U 2 , (2.21) 

||^(t)P< fc (0)|| WeJ <2 5fc / 4 ||0|| I/2 , (2.22) 

||^(t)P fe 0|U4 Lr <2 fe / 4 ||0|| L2 , (2.23) 

II^WIlL~L ? <2- 2 i0|| L2 , (2.24) 

where (q,r) satisfies 2 < g, r < oo and 2/q=l/2-l/r. 

Proof. For the first inequality, see [TO] and also [5], for the second see [TO]. For the 
third we use the results in [TO], for the last we use the results in [15J by noting that 
|u/(OI ~ 2 4fc if \i\ ~ 2 fe . □ 
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Using the extension lemma in [7], then we get immediately that 

Lemma 2.5. Let I C R be an interval with \I\<1, k G Z + and k > 10. Then for all 
u G <S(R 2 ) we have 

\\P k u\\ LtL r<2' 3k ^\\P^u\\ Xk , (2.25) 

\\P<M\LlL Te <2 bk / A \\P^r u \\ Xk , (2.26) 

\\PM\LiL?<2 k/i \\PM\x k , (2.27) 
\\P k u\\ L ~ L *<2- 2k \\P k u\\x h , (2.28) 

where (q,r) satisfies 2 < q, r < oo and 2/q=l/2-l/r. 

Proposition 2.6 (high-low), (a) If k > 10, \k — k 2 \ < 5 ; t/ien /or any u,v E F° 

\\(i+r- ^(or V(o*e^ * ^ff)n^iu fc <iip<o«iUi ir iiiviix fc2 . (2.29) 

(b) If k > 10, \k — k 2 \ < 5 and 1 < ki < k — 9. Then for any u,v £ F° 

\\(i + r- u;(0rV(0^T« * ^lk< fc 3 2' 7fe/2 2- fcl ||^|U fcl ||flSlk 3 • (2.30) 

Proof. For simplicity of notations we assume k = k 2 . For part (a), it follows from the 
definition of X k that 

+ r - o;(0rV(0^ * #)^lk<2 fe ^ 2^/ 2 ||i^ * ii(t)P k2 v\\ LlT . (2.31) 

From Plancherel's equality and Proposition 12.51 we get 

2^11^4 * '0(^)^fc 2 ^IU|^<2 A: || J Pow|| J Lii?° || J P fc M|| jL oo jL 2<2" fc || J P w|U2 jL oo ||^^||^ fc , 
which is part (a) as desired. For part (b), from the definition we get 

||(i + r - w(0)-V(0i£*Vi * P^\\x k <2 k 2 ~' 3/2 |I 1 Dm 3 • u ^h * v k j 2 h, ( 2 -32) 

ji>0 

where 

u kl ,n = VkAOVhir ~ «fcj a = Vk(0Vj 2 ( T ~ (2.33) 

From Proposition 12.21 and (12.161) we may assume j ma x > 4fc + &i — 10 in the summation 
on the right-hand side of (12.321) . We may also assume ji,j 2 ,js < 10k, since otherwise 
we will apply the trivial estimates 

l|lo fc3 ,, 3 ■ UfaJi * v kj2 \\ 2 <2^ 2 2 k — /2 ||n fclJ1 || 2 || Mfc2ii2 || 2 , 
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then there is a 2 5k to spare which suffices to give the bound (I2.30p . Thus by applying 
(12351) we get 

2 k 2-^ /2 ||lD fc ,,3« fel , J1 *^ 2 || 2 

jl J2,J3>0 

<2 k 2- j/ V™~ /2 2- 3fe/2 2- fel/2 2 J - ed/2 ||it felJ J|2||wjfc j2 ||2 

jl J2J3>0 

< 2 fe ^ A; 3 2- 3fe / 2 2- fcl / 2 2^—/ 2 ||iVllx fcl ||i>IU fc 

ima :c >2fe+fci-10 

< P2- 7fc / 2 2- fc i/^|| Xfci ||i^|| Xfc , (2.34) 
which completes the proof of the proposition. □ 

Proposition 2.7. If k > 10, \k — k 2 \ < 5 and k — 9 < £4 < k + 10, then for any 
u, v e F~ 7 / 4 

\\(i+r- ujior^mKu * iv;iix fcl < 2- 9fc / 4 ni^iuj|iv;|| Xfc2 . (2.35) 

Proof. As in the proof of Proposition 12.61 we assume k = k 2 = k± and it follows from the 
definition of X/ C1 that 

||(i + T -a;(0)-V 1 (0^*^lk 1 <2^ £ 2-^ 2 \\l Dk ^u k , n * v kjh \\ 2 , (2.36) 

jl ,32 J3>0 

where ^ , ffc j2 are as in (I2.33|) and we may assume j max > 5k — 20 and ji,j 2 ,j3 < lOfc 
in the summation. Applying f 1 2 . 1 9 j) we get 

2* £ 2^/ 2 ||l DfciJiMfcj2 *^ 3 || 2 

<( E + E + E )2- Jl/2 2 fc / 4 2>-/ 2 2^/ 4 || Mfei , 2 ||2||^ i3 ll2 

Jl = Jrnax J2 = jmax J3 = jmax 

:= I + 11 + III. 

For the contribution of /, since it is easy to get the bound, thus we omit the details. We 
only need to bound II in view of the symmetry. We get that 

E + E )2- Jl/2 2 /c/4 2>-/ 2 2^/ 4 ||^ j2 || 2 ||t; fcj3 || 2 

J2 =jmax ,jl <33 32 =jmax ,jl >33 

:=Ih + H 2 . 

For the contribution of Hi, by summing on j\ we have 

Ih< 2^/ 2 2 fc / 4 2^/ 2 2^/4|| Ufej2 || 2 ||, ;fcj3 || 2 

32= jmax ,jl<3Z 

< £ 2 fc / 4 2^| K J| 2 | K J| 2 ^^ 

j 2 >5fc-20j 3 >0 
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which is acceptable. For the contribution of II 2 , we have 

II 2 < 2-^/ 2 2 fe / 4 2^ 2 i 1 /4|| w , i . 2 || 2 ||^. 3 || 2 

h=jmax ,jl>33 

<2- 9k ^I^u\\ Xk \\P^v\\ Xk2 . 
Therefore, we complete the proof of the proposition. □ 

For the low- low interaction, it is the same as the KdV case [7j. 
Proposition 2.8 (low-low). If < ki, k2, k 3 < 100, then for any u, v G F s 

||(» + t - ^Ce))" 1 ^*!^)^^")^^) * ■^^)IU^^Iin a «IUr , ^II jP *3 v IUr'iS- ( 2 - 37 ) 

Now we consider the high-high interactions. This is the only case where the restric- 
tion comes from. 

Proposition 2.9 (high-high). If k > 10, \k — k 2 \ < 5 and 1 < k\ < k — 9, then for any 
u, v G F° 

\\(i + r- w(0)"V(0^ * ^IU fcl <(2- 7fc/2 + A;2- 4fc 2 fcl / 2 )||i^|| x J|i^lU fc2 . 

(2.38) 

Proof. We assume k = k 2 and it follows from the definition of X/ Cl that 
ll^ + r-u;^))- 1 ^^)^*^!!^^ 2 fcl £ 2-^ 2 \\l Dk ^u k , n *v k , 3 \\ 2 , (2.39) 

where u kt j 2 ,v kt j 3 are as in (12.331) . For the same reasons as in the proof of Proposition 12.61 
we may assume j max > 4k + k\ — 10 and ji, J2, J3 < 10k. We will bound the right-hand 
side of (12.391) case by case. The first case is that j\ = j max in the summation. Then we 
apply (12.181) and get that 

2 fci E 2~ n/2 nD kl , n u k , J2 *v kM \\ 2 

jl,j'2,j-A>0 

<2^ E 2^/ 2 2- 3fc / 2 2- fcl / 2 2^ + ^)/2|| Mfcjj2 || 2 ||^ 3 || 2 

ji>4fc+fci-10 j'a J3>0 

<2- 7fc / 2 ||i^|UJ|i^Hx fc2 , 

which is acceptable. If j 2 = jmax, then in this case we have better estimate for the 
characterization multiplier. By applying (I2.18P we get 

2 fcl £ 2-^ 2 \\l Dki!j u k , n *v k , J3 \\ 2 

jl J2J3>0 

< 2 fe * £ £ 2^/ 2 2- 2fc 2^^)/ 2 || Mfcj2 || 2 ||, ;fej3 || 2 

j 2 >4fc+fci-10 ji<10fc,j 3 >0 

<A;2- 4fe 2 fcl / 2 ||i^|| x J|iV;|U fc2 , 

where in the last inequality we use ji < 10k. The last case j'3 = j max is identical to the 
case j 2 = jmax from symmetry. Therefore, we complete the proof of the proposition. □ 
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For k\ = we can prove a similar proposition but with k2~ 7h / 2 instead of 2~ 7k / 2 on 
the right-hand side of (I2.38p . In order to avoid the logarithmic divergence, we prove the 
following 

Proposition 2.10 (X Q estimate). Let \ki — k 2 \ < 5 and ki > 10. Then we have for all 
u,v e F° 



V>(*) / W{t - s)P< d x [P kl u{s)PkAs)]ds 



<2 a \\P kl u\\ Xki \\Pk 2 u\\x k2 - 



Proof. Denote Q(u,v) = ^(t) £W(t - s)P< d x [P k 1 u(s)P k2 v(s)}ds. By straightforward 
computations we get 



F[Q(u,v)]{£,t) =C 



^(r-r')-^(r-a;(0) 



T'-UJ(0 

x dr' PkM£u T i)Pk 2 v{&,T 2 )- 

J ?=€l+C2,T'=Ti+r 2 

Fixing £ G R, we decompose the hyperplane T := {£ = £i +£2, t' = T\ + r 2 } as following 

ri ={KI<2- 4fcl }nr ; 

r 2 ={|e| » 2~ 4k \ \ Ti - Ufa)] « 3 • 2 4&i |e|,i = 1, 2} n r ; 
r 3 Kiel » 2- 4fel , |n - W (&)|>3 • 2 4fci |£|} n r ; 
r 4 ={|e| » 2- 4fei , |r 2 - w(6)|>3 ■ 2 2fci |£|} n r. 



Then we get 



T 



V(t)- / W{t- s)P< d x [P kl u{s)Pk 2 v{s)]ds 



(£, t)=A 1 + A 2 + A 3 + A, 



where 



A: = C 



^(t-t')-^(t-^( Q) 
r'-w(f) 



^(CK / ■PfciW(6>Tl)-P*aU(6>T2)dT'. 



We consider first the contribution of the term A- Using Proposition 12.51 and Propo- 
sition [2ZD (b), we get 



(i + T , -w(0) _1 *fc(£K / 4w(6,ri)P fc ^(e 2 , r 2 ) 



Since in the area A we have |£|<2 4fcl , thus we get 

(i + r '-u,(£))-%(£)i£ / ^(6,^)^(6,^) 



< E E - " E ii 1 ^-^*^!^ 



fc 3 <-4fci+10 j 3 >0 



ji>0J 2 >0 
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where 

Using (12.171) . then we get 

II^WIIW^ E E 2^ /2 2 fe3 2^/ 2 2^/^|| Ufciiii || i2 ||^ 2)i2 || i2 

fc 3 <-4fci+10ii>0 

<2- 6fci iinT«iu fe ji^iu ft2 , 

which suffices to give the bound for the term A\. 

Next we consider the contribution of the term A 3 . As for the term A±, using Propo- 
sition [23] and Proposition 12.11 (b). we get 

\\^\A,)\\ L 2 xLT < (i + T , -u(£))- 1 ri (Z)i£ f ^(6,n)^(6,r 2 ; 



X 



^EE r,3/¥s E \\^ ri -u kun *v k2 , 2 \\ L , 



k 3 <oj 3 >o ii>oj 2 >o 
Clearly we may assume j$ < lOfci in the summation above. Using (12.181) . then we get 



\F-\M)\\lil?<Y. E 2 k ^ 2 2-^\ 

k 3 <0 ji >k 3 +4fci - 10 ,32 ,33 >0 



U ki ,ji \\L 2 \\ v k 2 ,j2 \\L 2 



which suffices to give the bound for the term A 3 . From symmetry, the bound for the 
term A4 is the same as A 3 . 

Now we consider the contribution of the term A%. From the proof of the dyadic 
bilinear estimates, we know this term is the main contribution. By computation we get 

J^\A 2 ) =m f e t{t - sM °Vo(0^ [ e is(Tl+ ^ / ^Kfe, r 2 ) dndr 2 ds 

Jo Jr 2 J£=Zi+& 

where 



«fcl(6,n) =%i(6) 1 {|ri- W (Ci)|«3-2 4 '=i|C|}^(6 ) r l' 
T 2) — 7 ]k 2 {^2)i{\ T2 - U j^ 2 )\<^3.2' ik i\^\} v {^2, Tz) 



By a change of variable r[ = n — Cfc>(£i), = r 2 — cj(£ 2 ), we get 
^(40 =^(t)e <faJ «^(0e / e J ' (ri+r2) 



e i*K?i)+w(£ 2 )-u;(?)) _ e -it(ri+T 2 ) 



€=?1+?2 n + r 2 - w(0 + + w(f 2 ) 
x w* x (CuTL + ^(6))v* 2 (6 5 'n2 + w(6)) c?rirfr 2 

^- 1 (/)-^T 1 (^)- 
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For the contribution of the term II, we have 

J7\ir) = / m^mm f "'-■ Kl : Tl+ " ( f;»: b( /;-;: + " ( f >> 

V 7e=6+6 n + r 2 - w(0 + ^(6) + ^(6) 

Since in the support of u kl and u k2 we have |ri + r 2 — cj(£) + u;(6) + ^(6)1 ~ 2 4fcl |£|, 
then we get from Lemma 12.41 that 



\r-\ir)\\w 



=Ci+6 n+r 2 -w(0 + w(6)+w(6) 

<2^||P fcl ii|U fcl ||-Pfc 2 «||x fc2 - 
To prove the proposition, it remains to prove the following 

wr-'m LiL?<2- 7k ^i\u\\x H \\p^u\\ Xk2 . 

Compare the term / with the following term I': 



d,T\dT2 



JR2 Jf = 



W+6 ""(0 

Since on the hyperplane £ = 6 + 6 one has 

+ + + ^(6) = 66£(6 2 + & + ? - Aa) = C66£(-266 + 2£ 2 - Aa). 
In the integral area, we have |2£ 2 — Aa| <C |66| ; thus we get 



1 00 

— y 



-266 + 2^ -Aa -266 266 



2£ 2 - \a 



Inserting this into I' we have 

x M fel (6,n + ^(6))^ 2 (6, r 2 + ^(6)) rfridr 2 . 
Since it is easy to see that (actually we need a smooth version of 1{|£|>a}): V A > 0, 

W^x ' i -{\^X}^ r xU\\LlL^'^\\u\\LlLf, 

and setting 

H/n)(0 = *W£, n + HdrM) = P^v(£, r 2 + w (0), 
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thus we get from Lemma [2.41 that we set 

oo „ 

n=0 ^ 2 
oo „ 

„=o J & 

<2'^\\P kl u\\x kl \\Pk 2 u\\x k2 , 

which gives the bound for the term 

To prove the proposition, it remains to prove the following 

- I')\\ LiL-<2- 7k ^ /2 \\I\u\\x kl \\I%u\\ Xk2 . 

Since in the integral area we have \t{\ <C 2 4fcl |6, i = 1,2, thus on the hyperplane 
( = 6 + (2we have 

1 1 



n + r 2 - £j(0 + w(6) + cu(6) -w(0 + + 
1 / ti + r 2 



§ -o;(0 + + w(£ 2 ) V + ^(£i) + w(£ 2 ) , 

fe&^feV 266 J ,,^0^1 266 J ' 

The purpose of decomposing this is to make the variable separately, thus then we can 
apply Lemma 12.41 Then by decomposing low frequency we get 

oo „ 

^r 1 (/-/o = E^*)^) / t{Ti+T2) E 

1=1 2 fc 3> 2 - 4fc i max(|ri|,|T 2 |) 

00 /r>^9 \ \ k 



(66) 2 



x £h^rJ fe) lliar) **** 

Using the fact that Xfc 3 (0(£/2 fc3 )~ n 

is a multiplier for the space L X L^ and as for the 

term I', we get 

- I')\\ LlLr 

00 „ 

<V / V rrMfi 4- Xn r9-" fc 3 0-4nfci 



E / E C n \n + r 2 \ n 2- nk3 2~ 

n=l ^ R2 2 fe3> 2 -4fei ma x (|ri|,|r 2 |) 

x 2- 7fcl / 2 ||^(/ T1 )|| L2 ||^ T2 )|| L2 rfr 1 rfr 2 

<2- 7 ^ 2 ||i^|U fci ||iv^|U fc2 . 

Therefore, we complete the proof of the proposition. □ 
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For u, v G F s we define the bilinear operator 

t f* 

B(u,v)=ip{-) / W^t-r^^VM 7 ") -v(T))dT. (2.40) 

In order to apply a fixed point argument, all the issues are then reduced to show the 
boundness of B : F s x F s — > F s . Then Theorem 11.21 follows from standard arguments. 

Proposition 2.11 (Bilinear estimates). Assume —7/4 < s < 0. T/ien i/iere exists 
C > suc/i i/iai 

ll5(M,f)ll^ s < c(||m||^ s ||u||^-7/4 + i|m||f-7/4||u||f s ) ( 2 -4i) 

/io/d /or any u, v G F s . 

Proof. The proof is similar to the Proposition 4.2 [7]. We omit the details. □ 

3 Modified energies 

In this section we follow I-method |6j to extend the local solution. Let m : R fc — > C be 
a function. We say m is symmetric if m(£i, • • • , = m(cr(£i, • • • ,£&)) for all a G S^, 
the group of all permutations on k objects. The symmetrization of m is the function 

We define a k — linear functional associated to the function m (multiplier) acting on k 
functions u\, • • • ,u k , 

A fc (m; ui, • • • ,u k ) = / m(£ x , • • • ,£fc)ui(£i) • • ■UkiZk)- (3.43) 

We will often apply A k to /c copies of the same function u. A k (m; u,...,u) may simply 
be written A k (m). By the symmetry of the measure on hyperplane, we have A k (m) = 
A k ([m\ sym ). The following proposition may be directly verified by using the Kawahara 
equation (11.21) . 

Proposition 3.1. Suppose u satisfies the Kawahara equation (jl.2p and that m is a 
symmetric function. Then 

d k 

—A k (m) = A k (mh k ) - A k (mv k ) - i-A k+l (m(^ . . . , £ h _ x , £ fc + £ &+ i)(£& + fk+i)), (3.44) 
where 

h k = i^l + il + --- + H), v k = i{i\ + & + --- + Q. 
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We then follow the I-method [6] to define a set of modified energies. Let m : R — > R 
be an arbitrary even R- valued function and define the operator by 

U(0 = m(Of(0, 

where the multiplier m(£) is smooth, monotone, and of the form for N ^> 1 

mK) = { \1\>2N. < 3 ' 45 > 

We define the modified energy E](t) by 

E 2 I {t) = \\Iu(t)\\h- 

Using Plancherel's identity and that m and u are R-valued, and m is even, we get 

E 2 j{t) = A 2 (m(£i)m(£ 2 )). 

Using (13.441) then we have 

-|i?f (t) = A 2 (m(a)m(e 2 )^) - A 2 (m(6)m(6)^) - *A 3 (m(6)m(6 + 6) (6 + &))• 

The first two terms vanish. We symmetrize the third term to get 

d 
~dt 

Let us denote 



£?(t) = A 3 (-i[m(6)m(6 + 6) (6 + 



M 3 (ei,6,e3) = -i[m(6iM6 + 6) (6 + &)] sym - 
Form the new modified energy 

E](t) = E](t)+A 3 (a 3 ) 

where the symmetric function 03 will be chosen momentarily to achieve a cancellation. 
Applying (13.441) gives 

1 Q 

-Ej(t) = A 3 (M 3 )+A 3 (a 3 h 3 )-A 3 (a 3 v 3 ) - -iA 4 (<7 3 (6, £3 + + &))• (3-46) 

Compared to the KdV case [6], there is one more term to cancel, so we choose 

M 3 

^3 = -7 

h 3 - v 3 

to force the three A3 terms in (13.461) to cancel. Hence if we denote 
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then 

Similarly defining 
with 

we obtain 



jE* (t) = A 4 (M 4 ). 



Ej{t) = Ej(t) + A 4 (a 4 ) 

M 4 
hi — f 4 

|^ 4 (t)=A 5 (M 5 ) 



where 



M 5 (a, • • • , 6) = -2i[o- 4 (ei, 6, 6, & + 6)(6 + &)] 



sym- 



In order to prove the pointwise estimates for the multiplier o"3,cr 4 , we need the fol- 
lowing lemma which is crucial. It just follows from simple calculations, thus we do not 
give the proof. 

Lemma 3.2. (a) Assume 6 + £2 + £3 + £4 = 0, then 

6 5 + e 2 + d + 6 5 = -^(6 + 6X6 + 60(6 + 6X6 2 + e 2 + e 3 + o, 

and 

6 3 + 6 3 + 6 3 + 6 3 = -3(6 + 6X6 + 60(6 + 6). 

f&J Assume 61 + 62 + 6 = 0; ^ en 

6 5 + 6 5 + 6 5 = ^666(6 2 + 6 2 + 6 2 ), 

and 

6 3 + 6 3 + 6 3 = 36i66 3 - 

Now we turn to give the pointwise estimates of the multiplier. It is easy to see that 
if m is of the form f)3.45p . then m 2 satisfies 

™ 2 (o~m 2 (mor \a\~\a 

(m 2 )'(6) = O(^), (3.47) 

(™ 2 )"(0 = o(=#). 

We will need two mean value formulas which follow immediately from the fundamental 
theorem of calculus. If \r)\, |A| <C then we have 

Ke + ^)-a(0I^N sup \a'(C% (3.48) 
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and the double mean value formula that 

K£ + ^ + A)-a(£ + 77)-a(£ + A) + a(0|<MiA| sup |a"(£')|- (3.49) 

\t'Ht\ 

In order to use the formulas, we extend the surface supported multiplier <r 3 to the whole 
space as in 



Proposition 3.3. If m is of the form (13.451) . then for each dyadic A < rj there is an 
extension of <r 3 from the diagonal set 

{(6,6,6) er 3 (R),|ai ~A, I6U6I ~v} 

to the full dyadic set 

{(6,6,6) e« 3 , 161 ~ A, 161,161-??} 

which satisfies 

1^^^(73(6, 6, 6)1 < Cm 2 (A)f 4 A-N-ft-^. (3.50) 

Proof. We may assume max(|6|, |6l, 161) ^ 1, otherwise a 3 = 0. Since on the hyper- 
plane 6 + 6 + 6 = 0, 



^3 = + 6 5 + 6 5 ) = |666(6 2 + 6 2 + 6 2 ) 



is with a size about Xrj 4 and 

M 3 (6,6,6) = -*H6M6 + 6)(6 + 6)] S2 ,m = X™ 2 (6)6 + ™ 2 (6)6 + ™ 2 (6)6), 

if A ~ rj, we extend a 3 by setting 

(c t cs- ^K(6)6 + m 2 (6)6 + m 2 (6)6) 

03(6, 42, 4sJ 5i , 2 2 2 67A ' ( d - 5i J 

YQ42?3l6 + ?2 + 6 ~ IN 

and if A r/, we extend cx 3 by setting 

^(m 2 (6)6 + ^ 2 (6)6 - ^ 2 (6 + 6X 6 + 6)) 
^666(6 2 + 6 2 + 6 2 -|m) 



^3(6, 6, 6) = Wlc t^ttt-^t, ,9. — o • ( 3 - 52 ) 



From ([328D and QMS), we see that fl3~50|) holds. □ 

Now we give the pointwise bounds for 0-4 which is key to estimate the growth of 
Ejit). 

Proposition 3.4. Assume m is of the form (13 .45ft . In the region where |6| ~ Ni, |6 + 
61 ~ N jk for Ni, N jk dyadic and Nx > N 2 > N 3 > N A , 



I M 4 (6 ,6,6,6)1 <_ rn 2 (min(AT 4 , N jk ) ) 



\h 4 - v 4 \ ~{N + jVi)2(JV + N 2 y{N + N 3 )3{N + JV 4 ) ' 



(3.53) 
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Proof. We will use the ideas in [TT] . From Lemma 13.21 it suffices to prove 
|M 4 (6, 6, 6, 60 1 . m 2 (min(iV 4 , iV jfc )) 



|v 4 1 -(N + N^N + NzyiN + N^iN + N; 



Since £i + £2 + £3 + £4 = 0, then N\ ~ iV 2 . We can also assume that N\ ~ N 2 >N, 
otherwise M 4 vanishes, since m 2 (£) = 1 if |£| < N. If max(A^ 12 , A^3, iVu) «C iVi, then 
£3 ~ —^l, £ 4 ~ — £1, which contradicts that £1 + £2 + £3 + £4 = 0. Hence we get 
max(iVi2, iVi3, Nu) ~ iVi. We rewrite the right-hand side of (13.531) as 



m 2 (min(Ar 4 ,A^- fe )) 



(3.54) 



iVi 4 (JV + N 3 ) 3 (N + iV 4 ) 
From Lemma 13.21 we get if £1 + £ 2 + £3 + £4 = then 

v A = £ + £| + e 3 + e 4 5 = + + 6) (6 + + e 2 2 + £ 3 2 + e 4 2 ) 

is with size N^N^N^Nf . From the construction of M 4 we get 

CM 4 (6, 6, 6, £4) =[«t 3 (6, 6, 6 + &) (6 + £ 4 )] sym 

=o 3 (a, 6, 6 + £4) (6 + &) + 03(6, 6, 6 + a) (6 + a) 
+ o 3 (a, 6 + 6) (6 + 6) + 03(6, 6, 6 + £4) (6 + £4) 
+ o 3 (6, £1 + 6) (6 + 6) + o 3 (6, £4, 6 + 6) (6 + 6) 

=M6, 6, 6 + - <7 3 (-&, -a, £ 3 + £4)](6 + £4) 
+ 6, 6 + £ 4 ) - <t 3 (-&, -£ 4 , 6 + £ 4 )] (6 + £4) 
+ M£i,£ 4 ,k + £3)-03(-k,-6,6 + 6)](6 + £ 3 ) 

:=I + II + III. (3.55) 

The bound (13.531) will follow from case by case analysis. 
Case 1. |iV 4 |>f . 
Case la. N 12 , N 13 , N U >N V 



For this case, we just use (13.501) . then we get 

|M 4 (£i,£ 2 ,£ 3 ,£4)Um 2 (iV 4 ) 
M ~ Nf ' 

which suffices to give the bound (13.531) . 
Case lb. N 12 < N u N 13 >N U iV 14 >JVi. 
For the contribution of I, we just use (13.501) . then we get 

|I| ^ m 2 (min(iV 4 ,iV 12 )) 
which suffices to give the bound (13.531) . 
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Contribution of II. We first write 

=M&, 6, 6 + 6) - <r 3 (-6, 6, 6 + &)](& + &) 

=//i + 7/ 2 . 

If iV 12 >iV 3 , then using (13^81) . (I3~50l) for J/i and using (l3~50l) for i7 2 , we get 

\II\^ m 2 (N 4 ) 

If N12 < iV 3 , using (EggD , (13301) for both Hi and II 2 , then we get 

\II\^ m 2 (N 4 ) 

Contribution of III. This is identical to II. 

Case lc. iVi 2 < JVi, iVi 3 < JVi, iVi 4 >A^i. 

Since JVi 2 < N 1: N n < jV x , then JVi ~ iV 2 ~ iV 3 ~ N 4 . 

Contribution of I. We first write 

I =M£i, 6, 6 + &) - c7 3 (-£ 3 , 6, 6 + &)] (6 + &) 
+ 6, 6 + &) - <7 3 (-&, -6, 6 + + &) 

:=h + h. 

Using (13.501) . fl3.48j) for both fx and I 2 , then we get 

|/| ^ m 2 (N 12 ) 
\v*\~ Nf ■ 

Contribution of II. This is identical to I. 
Contribution of III. We first write 

in =[a 3 (6, 6 + 6) - *3(-6, -6, 6 + 6)] (6 + 6) 

=2 M£i; ^ 2 + &) ~ °"3(-6, -6, 6 + 6) 
- <7 3 (-&, -6, 6 + 6) + ^(U, 6, 6 + + 6)- 

Using (13.491) five times, we have 

l/Z/l^ m 2 ^) 

Case Id. N 12 < iVi, iV i3 >iVi, iVi 4 < iVi. 
This case is identical to Case lc. 
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Case 2. N 4 < iV/2. 

In this case we have m 2 (min(iVj, Nj k )) = 1, and N 13 ~ |6i + £ 3 | = |£ 2 + 6i| ~ N\. We 
discuss this case in the following two subcases. 
Case 2a. N x /A > N 12 >N/2. 

Since iV 4 < N/2 and |£ 3 + 6t| = |6 + 6l>^/2, then N 3 >N/2. From |v 4 | ~ iVi 2 iV^ 
then we bound the six terms in (13.551) respectively, and get 

|M 4 | < 1 
|u 4 | ~NfNiN' 

which suffices to give the bound (13.531) . 
Case 2b. N 12 < N/2. 

Since N 12 = N u < N/2 and AT 4 < N/2, then we must have iV 3 < iV/2, and 
A^i 3 ~ N u ~ iVi. 

Contribution of I. Since A/3, A/" 4 , iV 34 <C AT/2, then we have cx 3 (— £3, —£4, 63 + 60 = 0. 
Thus it follows from (13.501) that 

l^ < Ma 1 6 1 6+j4)i < i 

|v 4 |~ iVi ~A>i 8 ' 

Contribution of II and III. We have two items of A3, iV 4 , N\ 2 in the denominator, 
which will cause a problem. Thus we can't deal with II and III separately, but we need 
to exploit the cancelation between II and III. We rewrite 

// + in =[<t 3 (£i, 6b, 6 + 60 - <r 3 (-6, -6, 6 + &)] (6 + 6) 
+ M6, £4, 6 + 6) - * 3 (-6, -6, 6 + 60K& + 6) 
=M6, 6, 6 + &) - <r 3 (-&, -U, 6 + 60]& 
+ 6 + 6) - -6, 6 + 6016 

+ Ma, 6, 6 + 60 - ^ 3 (-6, 6 + 60 
+ 0-3(^1,-64, 6 + 6) - ^(-6, -6, 6 + 6016 
=Ji + J 2 + J 3 - 

We first consider J\. From 

m~ ^12^1 

if A/ 12 <C N 3 (in this case, A/ 3 ~ A/4), using (I3.48j) twice, otherwise using (I3.48j) once and 
(13.501) . then we get 

\Ji[<±_ 
\v4~N*' 

The term J 2 is identical to the term Ji. Now we consider J 3 . We first assume that 
Ni 2 >N 3 . Then by the symmetry of <r 3 , we get 

J3 =[0-3(6, 6, 6 + 6*) - - 6, 6, 6) 
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From (gZHD and iV 12 >iY 3 , we get 



\JA<±_ 

If A^ia < iV 3 , then iV 3 ~ JV 4 . We first write 

^3 =[03(-6, 6, 6 + 6) - cr 3 (-^2, -U, 6 + £4) 

+ <t 3 (6, 6, 6 + 6) - ^3(6, -6, 6 + 6)]6 
+ M6, £3, 6 + £4) - <7 3 (-£ 2 , 6, 6 + 6) 
+ ^3(6, -6, 6 + 6) - ^(-6, -6, 6 + 6)]6 

= ^31 + ^32- 

It follows from (gag) that 

It remains to bound J31. It follows from (I3.50P and m 2 (6) = m 2 (6) = 1 that 

c J 3 i =C[a 3 (-6, 6, 6 + 6) - *s(-6, -6, 6 + 6) 
- ^(6, -6, 6 + 6) + ^3(6, 6, 6 + 6)]6 
-m 2 (6)6 + 6 + ™ 2 (6 + 6X6 + £4) 

-66(6 + 6)[6 2 + 6 2 + (6 + 6) 2 ] ^ 2 

-m 2 (6)6 - 6 + m 2 (6 + 6X6 + U) , 

66(6 + 6M6 2 + 6 2 + (6 + 6) 2 ] ^ 2 

m 2 (6)6 + 6 + m 2 (6 + 6X6 + 6) , 

66(6 + 6)[6 2 +6 2 + (6+6) 2 ] ^ 2 

m 2 (6)6 -6 + ^(6 + 6X6 + 6) , 

-66(6 + 6M6 2 + 6 2 + (6 + 6) 2 ] 

We rewrite J31 as following 

r -m 2 (6)6 + ^ 2 (6 + 6X6 + 6) r -m 2 (6)6 + ^ 2 (6 + 6X6 + 6) , 

1 -66(6 + 6) [6 2 + 6 2 + (6 + 6) 2 ] ^ 2 66(6 + 6) [6 2 + 6 2 + (6 + 6) 2 ] * 

m 2 (6)6 + ^ 2 (6 + 6)(6 + 6) r m 2 (6)6 + m 2 (6 + 6)(6 + 6) 

-66(6 + 6)[6 2 + 6 2 + (6 + 6)T 2 66(6 + 6)[6 2 + 6 2 + (6 + 6) 2 ] 

+ { 6(6 + 6)[6 2 + 6 2 + (6 + 6) 2 ] " 6(6 + 6)[6 2 + 6 2 + (6 + 6) 2 ] 



(6 + 6) [6 2 + 6 2 + (6 + 6) 2 ] (6 + 6) [6 2 + 6 2 + (6 + 6) 2 ] 

:= ^311 + ^312- 
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We consider first the term J 312 . 

6(6-6X6 + 6 



7:!l ' { 6(6 + 6)K? + ^ 2 + (6 + 6) 2 ][6 2 + el + (6 + 6n 

(6-6X6 + 6) | 



(6 + 6) KI + 6 2 + (6 + 6) 2 ] [6 2 + ^ 2 + (6 + 6) 2 j 

Thus we get 

1^312^ 1 
\Vi\ ~Nf 

It remains to bound the term J 311 . We will compare it with the following term denoted 

b y J 3n : 

r -m 2 (6)6 + m 2 (6 + 6X6 + 6) r _ -m 2 (6)6 + m 2 (6 + 6)(6 + 6) , 
1 -66(6 + 6) [6 2 + 6 2 + (6 + 6) 2 ] ^ 2 66(6 + 6) [6 2 + 6 2 + (6 + 6) 2 ] ^ 2 
m 2 (G)6 + m 2 (6 + 6)(6 + 6) r m 2 (ei)6 + m 2 (6 + 6)(6 + 6) , , 
66(6 + 6) [6 2 + & + (6 + 6) 2 ] ^ 2 66(6 + 6) [6 2 + 6 2 + (6 + 6) 2 ] ta '" 

It is easy to see that as for the term J 312 we have 

1^311 - ^311 1 < 1 

Thus it remains to show that 
We rewrite J 311 as following 

6 + 6 -m 2 (6)6 + m 2 fe + 6K6 + 6) + ^(6)6 + m 2 (6 + 6X6 + 6) , 
66 6(6 + 6) [6 2 + 6 2 + (6 + 6) 2 ] 

+%^V(6)6 + m 2 (6 + 6)(6 + 6)] 

1 1 

X [ 6(6 + 6)[6 2 + 6 2 + (6 + 6) 2 ] + 6(6 + 6)[6 2 + 6 2 + (6 + 6) 2 P 2 ' 

Therefore, we use (13.491) for the first term, and (I3.48P for the second term, and finally 
we conclude that 

which completes the proof of the proposition. □ 

From the estimates of 04 we can immediately get the following 
Proposition 3.5. Assume m is of the form ( 13.451) . then 

m 2 (N^)N Ab 



|M 5 (6,-..,6)I< 

where 



(N + iVi) 2 (iV + N 2 y(N + N 3 )%N + iV 45 ) J vwi 



N* 45 = min(iV 1 , N 2 , N 3 , iV 45 , N 12 , N 13 , N. 



2?,) 
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4 G.W.P. of fifth order KdV on 



In this section we extend the local solution to a global one. We will rely on a variant 
well-posedness result which can be proved similarly as for the Theorem 11.21 



Proposition 4.1. Let —7/4 < s < 0. Assume <p satisfy ||J0||l2( 
equation (11.21) has a unique solution on [—1, 1] such that 

II-^IIfo(i) < Ce , 
where C is independent of N and < A < 1 . 



< 2e < 1. Then 



(4.56) 



From Proposition 14.11 we see it suffices to control the growth of Ej(t). It is better 
controlling directly the growth of Ej(t), and then using the following proposition we can 
thatof£f(t). 

Proposition 4.2. Let I be defined with the multiplier m of the form (I3.45P and s = 
-7/4. Then 

l^ 4 (t)-^ 2 (*)i<IIM*)ll| 2 + ll^(*)ll 4 L 2 - 



Proof. Since Ej{t) = E](t) + A 3 (cr 3 ) + A 4 (o" 4 ), then it suffices to show 



\A 3 (a 3 ;u 1 ,u 2 ,u 3 )\ 



\A 4 (a4;ui,u 2 ,u 3 ,u4)\ 



< 



< 



nii^ 



i=i 
i 



nii j « 



i X 2 ) 



i 12. 



(4.57) 

(4.58) 
(4.59) 



8=1 



We may assume that Ui are non- negative. To prove (14.581) . it suffices to prove 



A., 



m 2 (6)6 + m 2 (6)6 + ^ 2 (6)6 



Ul,U 2 ,U 3 



< 



n 



« n U i\\2- 
i=l 



(4.60) 



Xi^un + ei + e 3 2 )w(ei)m(6)m(6 

By Littlewood-Paley decomposition, we get the left-hand side of (14.601) is bounded by 



ki>0 



A, 



P^u^ P k2 u 2 , Pk 3 u 3 



(4.61) 



Let Aj = 2 *. From symmetry we may assume Ni > N 2 > N 3 , and hence A^ ~ N 2 >N. 
Case 1. A" 3 < AT. 

In this case m(N 3 ) = 1, then we get 



dMID<E 

ki>0 



A, 



N S N S 



N l+s N l+s N 2 
< I A 3 (iV-^iV- 1 / 4 ; P fclWl , P k2 u 2 , P, 



P kl Ut, P k2 u 2 , P k3 u 3 

'k 3 u 3 



fc,>0 
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It suffices to prove 



E 



AT i/! n*(6)«.(?.)<nn«iiip- 



i=i 



i=i 



Define Vi(x) as following: 

By Sobolev embedding inequality we have || , y;|U 3 ~ll' u ilU 2 5 thus using Holder's inequality 
we get 



E 



<E^ i/6 ^ i/6 riii^iu3<nikiu 2 . 



fci>0 



Case 2. N 3 >N. It is obvious that 



8=1 



j=l 



A, 



n; 



1/2 



fci>0 

Thus we get f l4~58l) . 

Next we show (14.591) . It suffices to prove 



]v -7/4 iv „ 7/ 4 

; -Pfci^i, Pk 2 u 2, Pk 3 Uz 



1=1 



A, 



0"4 



Ul,U 2 , W3,«4 



(4.62) 



i=l 



By Littlewood-Paley decomposition we get the left-hand side of (14.621) is dominated by 

0"4 



E 

ki>0 



A, 



-; P kl ui, P k2 u 2 , Pk 3 u 3 , P ki u± 



(4.63) 



Let Ni = 2 k \ From symmetry we may assume Ni > N 2 > N 3 > A/4, hence we may 
assume Ni ~ N 2 ~>N. Since 

N -7 



(7 4 



m(£i)m(&)m(£ 3 )m(€ 4 ) 

using Holder's inequality we get 

N~ 



r^j -i — 1-4 



nti(tf+^Mtfi)~nti^ 1/4 ' 



dM)<E u a ^ \Pk x uA\ L A\PkM\LA\PkM\tA\PkMW 

k t >o lU=i ™i 



< 



i=l 



Therefore, we complete the proof of the proposition. 



□ 
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Since E](t) is very close to Ef(t), then we will control Ef(t) and hence control E](t). 
In order to control the increase of Ej(t), we need to control its derivative 

j t El(t)=A 5 (M 5 ), 



where 



M 5 (£i, . . . , £ 5 ) = -2^4(6, £ 2 , £3, £4 + £ 5 )(£ 4 + £5)] 



sym- 



Proposition 4.3. Assume I C R with Let < fci < k 2 < k 3 < k 4 < k 5 and 

k^> 10. Then we have 

jT y p fcl2 (p fcl (wi)p fc2 (w 2 )) jjp fci (^)(x,t)^t 



< 2 f/c 12fc2 /4 2fe 3/4 2 -2 fe42 -2 fc5 "Q ||p^.)|| 



(4.64) 



3=1 



where if kj = then X^. is replaced by X^ on the right-hand side. 

Proof. From Holder's inequality the left-hand side of (I4.64p is dominated by 

ll^kiMllLSLSgjAaMIU^ 
Then the proposition follows immediately from Proposition 12.51 
Proposition 4.4. Let 5<1. Assume m is of the form (13.451) with s = —7/4, then 



□ 



A 5 {M 5 )dt 



<N-r\\Iu\\% {S) . 



(4.65) 



Proof. By the definitions, it suffices to prove that 



^(gi, + &)(& + &) 

"° WCflM&M&M&M^ 



A, 



dt 



a0 II II ^ 



By the Littlewood-Paley decomposition u = J2k>o ^u, it suffices to prove 



N lt - ,N S ,N45>0 



^4(£i,£2,£ 3 ,£4 + £ 5 )(£4 + £ 5 ) 

"° V m (^l) m (6)^(£3)^(£4)m(£ 5 ) 



A, 



; P kl u, ■ ■ ■ ,P k5 u dt 



4 \\u\ 



F°(<5)> 



where Aj = 2 fci and [£4 + £s| ~ A/45 for A45 dyadic. From symmetry we may assume 
Ai > AT 2 > A/3 and A4 > A/5 and two of the A r j>A r . We fix the extension tii such that 
1 1 I If ^2 1 1 For$). For simplicity, we still denote Ui. 

Case 1. N x ~ A" 2 >A/ and N 4 <N 2 . 

Case la. A/ 45 >A/ 3 . 
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From the form f[3~45l) with s = -7/4 we get that {N+N .y2 m ( Ni) %N~ 7/A Ni~ 1/4 and 



Thus we have 



m{N 3 )m(N 4 )m(N 5 ) ~ J v lv 3 lv 4 lv 5 



^4(6,6,6,6 + 6X6 + 6 



m(6)m(6)m(6)m(6)m(6 



Ar- 35 /4Ar- 1 / 2 Ar 3 7 / 4 Ar 4 7/4 Ar 5 7/4 m 2 (min(^, N jk ))N 45 



(N + N 3 )(N + iV 45 )3 



Therefore in this case we need to control 



We consider the worst case iVi > N 2 > A/4 > N Fj > N 3 . From (14.641) we get 

AT -l/2 .,7/4 ..7/4 ..7/4 5 

dSSD<iV-f y N } N * N * ^ Nr'NtN^N 1 ^ TT \\P^u\\ Xh 
v v~ (n + n 3 )(n + 1 3 4 f =1 1 

<^" f ||tt||Jo W . 

Case lb. N 45 < A/3. 
We have 



0-4(6, 6, 6, 6 + 6) (6 + 6 



Ar- 35 /4Ar i - 1 / 2 Ar 3 7/4 ^ 4 7/4 Ar 5 7/4 m 2 (min(Ar i , N jk ))N 45 
~ (iV + iV 45 )(iV + iV3)3 



w(6)w(6)w(6)w(6)m(6 

Therefore in this case we need to control 

,5 / at-1/2 .,7/4 ..7/4 .,7/4 \ 

We get from Proposition 14.31 that (still consider the worst case Ni > N% > N4 > N§ > 

Ay 



11 " ; I ' ' i. ; '■ v J 

V,; V " ' *' J/ i=l 



The rest cases A/4 ~ N 5 >N, Ni<N 5 or ATi ~ A/ 4 >A/ follow in a similar ways. We 
omit the details. □ 

For any fixed u E H~ 7 I 4 and time T > 0, our goal is to construct the solution to 
(11.11) on t 6 [0,T]. If u is a solution to (II. ip with initial data uq, then for any A > 0, 
U\(x, t) = A 4 w(Ax, X 5 t) is a solution to (jl.2p with initial data Mo,a = A 4 -u (Ax). By simple 
calculation we know 

||^o,A||L 2 <A 7/4 iV 7 / 4 ||no||^. 
For fixed N (N will be determined later), we take A ~ N' 1 such that 

\ 7 / 4 N 7 / 4 U\\ H - 7/i =e <l. 
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For the simplicity of notations, we still denote u\ by u, Mo,a by u 0} and assume ||/mo||l 2 < 
eo, then the goal is to construct the solution to (11. 2p on [0, A~ 5 T]. According to Propo- 
sition |4J] we get a local solution u on t G [0, 1], then we need to control the modified 
energy E](t) = \\Iu\\ 2 L2 . 

First we see the control of Ej(t) for t G [0, 1], we will prove that Ej(t) < Ae^. Using 
bootstrap we may assume E](t) < 5eg, then from Proposition 14.21 we get 

Ef(0) = Em + O(e 3 ) 

and 

Ef(t) = EKt)+0(el). 
Thus from Proposition 14.41 we get for t G [0, 1] 

Ej(t) < Ej(0) + Ce 5 N~ 35 /\ 

Therefore 

\\Iu(l)\\ 2 L2 = Ej(l) + 0{4) <Ej(0) + CelN-^ + 0{4) 

=e 2 + CelN- 35 ^ + O(ejj) < 4eg. 

Thus u can be extended to t G [0, 2]. Extending as this M-steps, we get for t G [0, M + 1] 

Ej{t) < Ef(0) + CMelN'^. 

Thus as long as MiV _35//4 <l, then we have 

E 2 (M) = Ef(M) + O(el) =e 2 + O{e 3 ) + CMe 5 N~ 35 ^ < 4e^, 

Therefore, the solution can be extended to t G [0, iV 35//4 ]. Taking N(T) sufficiently large 
such that 

^35/4 > X -5 T _ N 5 T ^ 

Thus u is extended to [0, A _5 T], then for the original equation ( 11. ip . using the scaling, 
we prove its solution extends to [0, T\. 

At the end of this section, we see what we know about the global solution. Using 
the scaling we get 

sup \\u(t) \\ H -7/4 ~A~ 7/4 sup \\u x (t) \\ H -r/* < A~ 7/4 sup \\Iu X (t)\\ L 2, 
t£[0,T] te[o,\- 5 T] te[o,\- 5 T] 

\\I<Px\\l^<N 7 ^U x \\ h -v, ~ N^\^U\\ H ^. 
From the previous proof we know 

sup ||/n A (t)|| L 2<||/0 A || L 2, 

te[o,\- 5 T] 

thus we get 

sup \Ht)\\ H - 7/4 <N 7 / A U\\ H ^. 
te[o,T] 
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Take A such that ||/0a||l 2 ~ e o "C 1, then 

A = X(N, ^ W\\ E - V *) ~ (Mkll^ " A iv-i. 

We will choose N such that N™ > A 5 T ~ c ||^|| HS , eo N 5 T, then we get N ~ T 4 / 15 . 
Therefore, we get that the obtained global solution u(x,t) satisfies 

ll«(*)lk-r/*< (l+|t|) 7/15 ||0||i /3 7/4 . 
We can prove a similar results for s > —7/4. 

5 Ill-posedness of the equation 

In this section, we prove an ill-posedness results by following the method of Bourgain 

Theorem 5.1. For s < — | the solution map of the Cauchy problem (11.11) is not C 3 

smooth at zero, namely, there is no T > such that the solution map of: 

u G H S (R) hug C([0,T\;H s (M)) 

is C 3 at zero. 

Proof. Under s < — | for contradiction we assume that the solution map 

u G H S (R) hug C([0,T];F s (R)) 
is C 3 at zero. According to [2], we must have 

sup ||4 J (/)|| H .< ||/||^ for all /G# S (R), 
te[o,T] 

where 



4i(/)(s,f) = jf iy(t-r)(^.(A 1 (/)-A 2 (/)))(r)dr; 
A 2 (/)(a;,t) = fw{t-T){d K {Ai{f?)){r)dT; 



A 1 (f)(x,t) = W{t)f = S t *f(x), 
where = with u;(£) = /z£ 3 — £ 5 , or 



S t (x) = J e'^+MO) d£. 



Motivated by the selection of a test function in [2J and we choose an iJ s (M)-function 
/ with 

and /(0 = r- 1 / 2 iV-X[-r,r](ie|-iV), 
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where r = (iV 3//2 log N)^ 1 , N > is sufficiently large, and xe stands for the characteristic 
function of a set E C R. 

The key issue is to control ||A 3 (/)||h s from below. To proceed, we make the following 
estimates: 

A x (/) (x, t) ~ r~ 1/2 N~ s f e <to(0-Hx{ ^ 

and 

A 2 (/)(x,t)~F 1 (x,t)-F 2 (x,t) 

where 

F,(x, t) = r-'N- 2 * / / t \ l TT^TY- « 2 

and 

/■ r (ft + f„)p ix (&+&)+ itlJ fa+&) 
F 2 (x, t) = r- 1 ^* / / ( ^f, n t— deidfe- 

The contribution of F\ to A%{f) is comparable with 

r - 3/2iV -3 S / / / « 2 ^3, (5-1) 

J J J maxj- 1,2,3 

where 

n ,* , ^ (6 + 6 + + 



and 

^2(6,6,6) := ^ 1 ) +w ( 6 )+c(£3)-^i + 6 + £ 3 )' 

Setting 

= + w(6) + ^(6) - + 6 + 6), 

we employ = — £ 5 + /i£ 3 to get 

* - B(6 + «(6 + 6)(6 + 6>(£±f^ + + 6 + _ | 

Thus 

|6>| — TV 5 or |0| < r 2 iV 3 ~ (logiV)- 2 . 

This tells us that the major contribution to (15.11) is obviously gotten from the second 
alternative, in which case we get 

r r r p i(a;(£i+6+6)+tw(6+6+6)) 
G x (x,t) = r~^N' 3s / / / — 

J J VmaXj = i, 2 ,3{|£j±JV|}<r, \0\<r 2 N3 Vll?l;?2,«J 

with 
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On the other hand, the contribution of F 2 to A 3 (f) is comparable with 

P i0(6+6+6)+M6+6+6)) 



G 2 (x,t) = r -y 2 N- 3s 

where 




^3(^15 £2, £3 



and 



\G 



2\\H S 



< r~ 3/2 N~ 2 



s-5 



3=1,2,3 \£j±N\<r 

e i*(w(ei)+w(&+e3)-w(6+6+6)) _ 1 
~ ^(6) + ^(6 + 6) - "(f 1 + 6 + 6) 

e iz(6+6+6) 




max J= i, 2 ,3 |fi±JV|<r l& + &| + 



< r^N" 28 ' 5 

< N- 2s -HogN. 
Consequently, we get 



maxj =2 ,3 |£j±iV|<r 



^y-25-9/2 

logiV 



1 - 



log iV\2 



AM/4 



< IIGiIIh- - ||G 2 ||h- <p 3 (/)lk<i 



whence deriving s > —9/4 (via letting iV — > oo) - a contradiction to s < —9/4. This 
completes the proof of Theorem 15.11 □ 
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